AJ8trKt-New radar scatterometers on meteorological and oceanic satellites will soon provide winds over the oceans except for a 180° ambiguity in direction. Data sets will consist of two-dimensional arrays of "sticks", vectors of known amplitude and direction but undetermined orientation. The dichotomy can be removed by a progressive algorithm that starts at a point of assigned orientation and then sweeps the data array by assigning orientations from point to point. A proof using algebraic topology is given to show that, under certain conditions, the assignment of an orientation to a single stick determines a unique realization of a vector field from the given continuous stick field. Finally, an algorithm that constructs a path in a discrete stick field is proposed.
INTRODUCTION
A limitation in meteorology and oceanography has always been the sparse wind data coverage over the oceans. Since much of the earth's surface is covered by water, this is a significant shortfall. Scientists have suggested in recent years the use of polar-orbiting satellites to determine remotely the winds over the ocean surface. The first satellite intended for that purpose, SEASA T, was launched in 1978 and maintained in operation for 3 months. It was equipped with a microwave scatterometer that was able to infer winds from backscatter from centimeter-length capillary waves on the ocean surface. The two antennas of the scatterometer enabled the determination of wind speed and provided up to four possible wind directions at all points (the true ~th and up to three aliases). The coming generation of scatterometers, such as NROSS (Navy R~ote Oceanic System), is designed to use three antennas. This improvement will provide, in 96% of cases, the wind speed and direction with, however, ambiguity of orientation along that direction [1, 2] . In other words, the uncertainty is reduced to a dichotomy. Obviously, before such wind data can be of use in meteorology and oceanography, it is imperative that this ambiguity be removed.
Before elaborating a method of solution, it is worth stating a few definitions. In what follows, the word direction means to contain the 1800 ambiguity while the word orientation will be used to refer to the choice made to remove the ambiguity. (Example: azimuths 400 and 2200 have the same southwest-northeast direction but opposite orientation.) A stick is restricted to a wind velocity with undetermined orientation, and a vector is a stick for which the orientation has been specified. In summary, data comprise a two-dimensional set of sticks with known magnitude and direction, and the problem is to turn these into vectors by assigning an orientation to every one of them.
An idea to solve the problem that comes to mind instantly is to anticipate a certain degree of continuity among the (hopefully dense) data and to devise a marching technique that will assign orientations to .sticks in accordance with the neighboring vectors (former sticks). Deciding on the orientation of a first vector to start the method is of no concern, for there are areas of the globe where winds are quite steady and of predictable direction and orientation (Trades and Westerlies, for example). Rather, the matter of concern is the choice of path to follow.
Firstly, regions of weak winds (calm regions) tend to be quite variable and disorderly. The lack of continuity among neighbors in a calm region could easily lead one to choose the wrong orientation and to commit an error that would propagate along the path until a second error is made by inadvertence. For this reason, calm regions should be avoided and be treated after the 1 regions of strong winds have been resolved. After removal of the low wind speed regions, there remains a map with holes. One has thus to find a first path that passes once through all points of a multiconnected domain. Secondly, the stick field may have regions of multiple solutions. An example is illustrated in Fig. I where, depending on the choice of rotation between four points, one can obtain two different solutions. The question of existence of the solution then arises. A two-dimensional, continuous field of sticks can be realized by a vector field under certain conditions. It is shown here that, if these conditions are met, there are exactly two, opposite realizations. In practice, however, the given stick field is discrete, and it is assumed that it is just the visible part of an underlying continuous field.
The paper is divided into the following sections: Section 2 states basic definitions from topology that will be necessary in Section 3, where a proof is given that a continuous field of sticks can be realized by a vector field iff it is admissible (i.e. there is no wind shearing); Section 4 proposes an algorithm for a vector realization in a discrete stick field; and conclusions are presented in Section S.
BASIC DEFINITIONS FROM TOPOLOGY
In this section we review the basic definitions and facts from topology that will be needed in the next section. Note that if we think oft as a continuous parameter and let w,(s) -F(3, t) we obtain a continuous family of paths from Wo to WI (see Fig. 2 ).
We say a subset A of X can be deformed to a subset B of X is there is a continuous map F: X x [0, I] -+X such that F(x,O) = x (x e X) and F(a, I)e BVa eA.
It is easy to see that any closed curve in a prodUct space X x Y is homotopic to a product WI . W2'
where WI and W2 are closed curves of X and Y, respectively.
A continuous map q: X -+ X is an m-sheetcd covering map if for each point P of X there is a neighborhood V of P in X such that q-I(P) consists of It, disjoint sets VI, V2,. .., V.. so that q I VI: V/-+ V is a homeomorphism (i -I,..., m). A typical example is the following: let X be a disk with holes, as in Fig. 3 , and let r be a rotation with an angle of 2n 1m about the center; let X be the space obtained from X by identifying for x e X the points x, r(x), r~x), . . . , r--I(x) to a single point.i and let q: X-+ X be the map that sends r~x) to .i(i = 0, I,.. ., m -I); this is an m-sheeted covering map. Example of a 3-sbectcd covering.
3. THE PROOF In this section, a continuous stick field, s, is modelled as section of the space M of sticks, and it is shown that a realization of s as a vector field corresponds to a section s of a 2-fold covering of M. Then, one establishes that s exists iff s is admissible.
Let F be a planar connected surface, i.e. a disk with a finite number of holes. We would like to consider not only vector fields on F, but also fields of line segments obtained from vector fields by deleting the direction from each vector. Thus we define a stick at a point P of F to be an equivalence class of vectors at P, where two vectors are equivalent if they differ by a scalar multiple of :t I. For our purposes we may also assume that all sticks have the same length, say length I. To describe such a field of sticks we embed F in any xy-coordinate plane and associate to each stick at P a triple (x, y, (X), where (x, y) are the cartesian coordinates of P and (X is the angle that the stick at P forms with the x-axis (measured in the anticlockwise direction), 0 ~ (X ~ 1t.
We obtain the space M of sticks ofF if we consider all possible sticks (x, y, (X) with (x, y) a point of F and (X ranging through all real numbers modulo 1t. Each pt'int (Xo, Yo) on F has a neighborhood U homeomorphic to an open disk X2+y2<£2 [if (Xo,Yo) is an interior point of FJ or an open half-disk x2 + y2 < £2, y ~ 0 [if (xo, Yo) is a boundary point], and we define a neighborhood of a point (xo, Yo, !Xu) of M to consist of all points (x, y, (X) for which (x, y) lies in a neighborhood U of (xo' Yo) and I (X -!Xu I < £, for some 0 < £ < 1t. Since such a neighb.orhood is homeomorphic to a right circular cylinder and hence to a 3-cell, the space M of sticks is a three-dimensional manifold. In fact, since the set of all points (X modulo 1t with metric defined by IIX -!Xu I < £ is homeomorphic to the I-sphere 5' (by the homeomorphism (X -+e2,,*"), it follows that M is the topological product of Fand 51. We can picture M as the product of Fand the interval [0, 1t], where the points (x,y, 0) of the bottom surface Fo = F x {O} have to be identified with the points (x,y, 1t) of the top surface FI = F X {1t}, as indicated in Fig. 4 .
There is a natural projection p : M -+ F is given by p (x, y, t) = (x, y) and for each point Q of F the simple closed curve p-I(Q) is called the fiber over Q (see Fig. 4 for a picture of a fiber).
A continuous field of sticks on F corresponds to a section of Fin M, i.e. an embedding s: F -+ M such that each fiber intersects s(F) at exactly one point. The standard example is the trivial section (x, y) -+ (x, y, 0), but there are many other sections that cannot be deformed to the trivial one; an example of such a section is given in the bottom part of Fig. 5 . The fact that the section in Fig. 5 cannot be deformed in M to the trivial section implies that the corresponding field of sticks cannot be continuously deformed on F to a trivial field, see Fig. 6 
(a).
We can now use the same method to construct the space M of unit vectors on F. A unit vector at a point P is sp'ecified by coordinates (x, y, P), where (x, y) are the coordinates of P and p is the positive angle that the vector forms with the (directed) x-axis, where now 0 ~ p ~ 21t. As before, M is the topological product of F and 5 I, where now 5 I is viewed as the space of all real numbers modulo 21t. If we denote points of 5 I by e2Kir (0 ~ y ~ I) then the map q: M -+ M given by tj(x,y, e2Kir) = (x,y, e4ztt) is a 2-sheeted covering map. For any section s: F-+M the set q-I(S(F» consists of a surface of one or two components. If q -I(S(F» is connected, the map q restricted to q-'(s(F» is a 2-sheeted covering map q: q -I(S(F» -+s(F); if q-I(S(F» is not connected then q maps each component homeomorphically onto s(F). An example for the former case is given in Fig. 5 , an example for the latter case is obtained by looking at the trivial section. Any simpl~ closed curve k in M can be slightly deformed so that it intersects Fo at isolated points. Since Fo is two-sided in M we can define a "left" side and a "right" side of Fo and giving k an orientation, ~e associate the number + I or -I to an intersection point if k crosses F at this point from left to right or from right to left, respectively. The intersection number k . Fo is the sum of these numbers over all intersection points of k and F. It is an elementary fact that the intersection number is an invariant of homotopy type, i.e. if k' is homotopic to k then k'. F = k . F, and therefore the intersection number is well-defined for any closed curve. To prove this lemma we use the following fact from the theory of covering spaces: if w is a path in M starting at a point P then for each point P of q -1(P) there is a unique lift w of w that starts at ~; furthermore, if w' is homotopic to w by a homotopy that keeps the endpoints fixed, then the lift w' starting at ~ is homotopic to w by a homotopy that keeps the endpoints fixed.
Now let Po be a fixed point of F and let t be the fiber p -1(PO) in M. Any closed curve k in M is homotopic to a curve of the form u . tn for some closed curve u of Fo and some integer n. Now observe that t lifts to a simple path and t2 lifts to a simple closed curve. It follows that u . tn lifts to a path (but not a closed curve) if n is odd, and to a closed curve if n is even. Since homotopic closed curves lift to homotopic curves and since clearly n is the intersection number of k and Fo, it follows that k lifts to a closed curve iff k. Fo is even. If, in particular, k is a boundary curve of s(F), then q-1(k) consists of two disjoint boundary curves of q-1(S(F) iff k. Fo is even. If k. Fo is odd, then the boundary curve k lifts to a single path and k2lifts to a boundary curve of q -1(S(F), so that in this case q -I(k) is connected. In view of Lemma 1, we will therefore have proved Lemma 
if we show that q -I(S(F) is not connected iff q -'(k) is not connected for each boundary curve k of s(F).
To see this we compare the Euler characteristics of s(F) and F = q -1(S(F). If we triangulate F (i.e. we partition F into topological triangles so that any two have either no intersection, or intersect only along one common edge or one common vertex) the Euler characteristic X(F) = v -e + c, where v, e and c denote, respectively, the number of vertices, edges and 2-cells (triangles) of the triangulation. X(F) depends only on the topological type of F and not on the triangulation. For a planar surface F with , boundary components X(F) = 2 -, if F is connected and X(F) = 4 -, if Fhas two components. If we triangulate s(F) sufficiently small each vertex, edge and 2-ce1l is covered by two vertices, edges and 2-cells, respectively, and therefore X (1) = 2X (s(F) = 2X (P). Let ;: be the number of boundary components of F and note that;: = 2, iff each boundary curve of s(F) lifts to two curves; otherwise; < 2,. Now if F is connected, 2 -;: = X (1) = 2X (P) = 2(2 -,) and it follows that;: < 2" i.e. for at least one boundary curve k, q -I(k) is connected. If F is not connected, 4 -;: = 2(2 -,) shows that;: = 2r and q -'(k) is not connected for each boundary curve k. This completes the proof of Lemma 2.
A look at Fig. 6(b) shows that not all fields of sticks can be realized as continuous fields of vectors; if we assign a direction to anyone stick and extend these directions continuously over all sticks along the center curve of the annulus we come back with the opposite direction. This phenomenon could occur (wind shearing) but only at small wind speeds, and we exclude this possibility by calling a field of sticks on a planar surface F admissible if for each simple closed curve k on F the total sum of the angles of the sticks along k is a multiple of 2n. We say a section s: F -. M is admissible if the corresponding field of sticks on s(F) is admissible. lbeorem 1. A section s: F -. M lifts to (two disjoint) sections iff s is admissible. Proof. Suppose s is admissible. If k is a boundary curve of s(F) with intersection number k. Fo = n, then if r: M = Fo X SI -+ S' denotes projection onto the S' factor, the curve r(k) winds (homotopically) n times around SI. Since SI was obtained as the reals modulo 1t, this means the sum of the angles of the sticks along k is n1t. Since s is admissible, n is even and by Lemma 2 it follows that s lifts to sections.
Conversely suppose the section s lifts. Let k be any simple closed curve on s(F). Since any planar surface can be deformed to a wedge of simple closed curves, each homotopic to a boundary curve (see Fig. 7 ) it follows that any closed curve k on s an arbitrarily chosen stick of the field of F) the sections 81 and ~ are uniquely determined by which of the two points PI and P2 of q-'(P) they contain, say PiE8i(F). The point P, corresponds to a unit vector (a direction of the chosen stick) and determines the vector field corresponding to the section 8,. The point P2 determines the vector field with the opposite direction. So far we have considered only fields of sticks of constant length. The field of sticks that occur in meteorology in connection with wind stress vectors do not have this property. However, in each case these is a (small) £ > 0 so that if we cut out the line segments of length < £, we are left with a field of line segments on a planar surface with finitely many isolated holes. This field can be continuously deformed (by stretching the sticks) to a field of sticks of constant length and we can therefore apply Corollary I also in this case if the resulting planar surface F is connected. If F is not connected we apply Corollary I to each component of F.
We mention that the space of line segments of a (nonplanar) closed surface (i.e. a 2-sphere with handles or cross caps) is not a topological product but rather a "Seifert fiber space", a space that is partitioned into disjoint I-spheres ("fibers"). These spaces were first discussed by Hotelling [3] and Threlfall [4] .
THE ALGORITHM
In the proof of the realization of a stick field into a vector field, two assumptions were made:
1. The given stick field is continuous. 2. If we transport a chosen orientation of a given stick around a simple closed curve, the initial and terminal orientations coincide. Thus, before we perform the algorithm for a given discrete stick field, we must cut out regions where the directions of adjacent sticks differ by an angle tP so large that continuity cannot be assumed (e.g. tP ~ 45°). The second condition prohibits the existence of wind shearing that may occur with smaI1 wind speeds. Thus, we must also remove regions of low-amplitude sticks. The resulting surface F is a planar surface of m ~ 1 components. We perform the algorithm for each component separately, so that we may now assume that F is connected.
The discrete problem consists of assigning an orientation to every stick by moving from point to neighboring point and setting stick orientations with maximum smoothness. Attention should also be paid that all points be covered. Obviously, creating a path by moving a pointer from one point to one of its not yet assigned neighbors is a trivial task with a criterion such as: move eastward whenever possible, if not move northward, if not move westward, if not move southward. The difficulty arises when all neighbors are either prohibited (boundary of domain or of region of too small a wind amplitude) or already covered (at an earlier stage along the path). Dead-ends may occur, and back-tracking becomes necessary. To facilitate the task, one defines an array of dimensions equal to twice the domain dimensions in both directions. Pairs of even-even indices correspond to actual grid points, pairs of even-odd and odd-even indices correspond to intermediate points, here called links, and pairs of odd-odd indices are never used. Numerical values are assigned as follows: negative value if the grid point is on the boundary; value 0 if the grid point has not been swept (orientation of stick not yet specified) or if the link point does not connect the two grid points on either side; value 1 if the grid point has been swept (orientation of stick assigned) or if link connects the two grid points on either side; and value 2 if the connection has been used on the way back from a dead-end (to prevent from going into the dead-end branch again).
With this numerical scale for recognizing the status of every grid point and link, the algorithm is structured as follows:
(1) Initialize all points with values O. (2) Choose a starting point, assign it value 1 and specify the stick orientation. (3) Proceed from grid point to one of its neighbors using a criterion such as the one above, assign orientation of stick, set both grid-point value and link value to 1. (4) When arriving at a dead-end (impossibility to find a neighbor with value 0), back-track along path defined by the links with value 1, setting these values to 2, until a new not-yet assigned grid point is found. (5) Stop when all grid points have been covered (check by counting or by recognizing that one has returned to the starting point).
With this procedure. it is guaranteed that all grid points will be swept once
S. CONCLUSIONS
New radar scatterometers on meteorological and oceanic satellites will soon provide winds over the oceans except for a 1800 ambiguity in orientation. Data sets will consist of two-dimensional arrays of sticks, vectors of known amplitude and direction but unspecified orientation. The problem of removing such dichotomous ambiguity in a discrete data set has been undertaken here, several difficulties have emerged, and a method of solution is proposed.
Foremost are the questions of existence and unicity of a vector realization from the given stick field. In the limit of a continuous stick field, a proof using algebraic topology is given to show that the assignment of an orientation to a single stick determines a unique realization of a vector field iff the initial and terminal orientations of any stick moved around any simple closed curve coincide.
Since in practical instances the data set is discrete, it must be assumed that it is just the visible part of an underlying continuous field. Regions of seeming lack of continuity among adjacent sticks must be cut out. The necessary and sufficient condition for the existence and unicity of a realization prohibits the existence of wind shearing, which is typical of calm regions. Thus, the low-wind areas must also be removed.
The problem is thus to find, in a multiconnected region, a path that goes from point to point and along which orientations are assigned and sticks turned into vectors. Obviously. orientations are set with maximum smoothness (i.e. < 90° of vector rotation between consecutive points along the path). An algorithm has been devised that assures that all points are swept, despite the possibility of dead-ends.
Such an algorithm has been used successfully on several actual wind observations over the equatorial Pacific Ocean. Wind vectors from ship data collected during the 1960s and 1970s [5] have been stripped to provide stick fields. Regions of low wind amplitudes « 4 m s -I) were removed, and paths created according to the algorithm exposed above. Figure 8 provides an example. Extended areas of wind vector solutions opposite to the correct ones were present in cases having regions with local directional shear in excess of 90°. The reason is that shear> 90°, which may occur in areas of rapidly changing winds or with insufficient spatial resolution, cannot be detected without additional meteorological information. This point falls beyond the scope of the present paper and should be addressed by meteorologists.
